For an arbitrary quantum state, we derive quantum CHSH-form and Bell-form inequalities with the right-hand sides expressed in terms of a quantum state. This allows to introduce a new class of quantum states satisfying any classical CHSH-form inequality and specify such a subclass where each state, possibly nonseparable, satisfies also the perfect correlation form of the original Bell inequality.
Introduction
The Bell [1, 2] and the CHSH [3] inequalities, derived originally in the frame of the Bell local hidden-variable (LHV ) model, describe the relations between the statistical data observed under different joint experiments.
In the frame of classical probability, for any real-valued bounded classical observables, the expectation values in any state satisfy the original CHSH inequality and the perfect correlation form of the original Bell inequality. (The general proof of the latter inequality for any classical observables was introduced in [4, 5] .)
In the frame of quantum probability and, more generally, quantum measurement theory, the expectation values under Alice/Bob joint quantum measurements, do not, in general satisfy the original Bell and the original CHSH inequalities.
However, as it is well known (see [6, 7] and references therein), there exist quantum states, in particular, nonseparable, satisfying the original CHSH inequality and, more generally, any classical 1 CHSH-form inequality. Although the latter state property is usually linked with the existence for a state of an LHV model (in the extended sense, formulated in [8] and analyzed, in general, in [5] ), for positive partial transpose (PPT ) states 2 , an LHV model has not been presented.
In [4] , we introduce the general conditions sufficient for the validity of the original Bell inequality under Alice/Bob joint measurements on a bipartite quantum system in a separable quantum state. These conditions include the Bell perfect correlation/anticorrelation restrictions on observed outcomes as particular cases.
In the present paper, we analyze the validity of the original Bell and the original CHSH inequalities for an arbitrary quantum state.
For a linear combination of quantum product averages, we derive the new upper bounds which are expressed in terms of a quantum state. Based on these bounds:
(i) we introduce a new class of quantum states satisfying any classical CHSH-form inequality. Any state in this class admits a special type dilation to an extended tensor product Hilbert space. The latter state property is purely geometrical and does not, in general, imply the existence for this state of an LHV model. We prove that all separable quantum states are included into our class as a particular subclass and present examples of nonseparable states in this class. We, in particular, show that, for the two-qubit system, the Werner nonseparable state [9] belongs to our class;
(ii) for an arbitrary quantum state, we introduce quantum analogs of the original Bell inequality and specify the general conditions sufficient for the validity of the original Bell inequality, in its perfect correlation or anticorrelation forms. As an example, we consider the quantum analog of the original Bell inequality for the two-qubit Werner nonseparable state;
(iii) we specify such a subclass of the new class where each quantum state, possibly nonseparable, satisfies not only a classical CHSH-form inequality but also the perfect correlation form of the original Bell inequality. We present examples of nonseparable states, in particular, U ⊗ U invariant, in this subclass.
Alice/Bob joint generalized quantum measurements
Let a bipartite quantum system S (1) q +S (2) q be described in terms of a separable complex Hilbert space
Consider a joint experiment on S
q +S (2) q , with real-valued outcomes in a set Λ 1 and in a set Λ 2 and described by the POV measure
for any subset B 1 of Λ 1 and any subset B 2 of Λ 2 . This type of a 'locally realistic" [5] quantum joint experiment is usually referred to as an Alice/Bob joint generalized quantum measurement.
In Eq. (1), the parameters a, b may be of any nature, with a characterizing the set-up of an experiment with outcomes in Λ 1 (the "side" of Alice) and b corresponding to the set-up of an experiment with outcomes in Λ 2 (the "side" of Bob). For simplicity, we further suppose that outcomes λ 1 ∈ Λ 1 and λ 2 ∈ Λ 2 are bounded:
with some C 1 , C 2 > 0. 1 The term classical specifies the validity of this inequality in the frame of classical probability. 2 Introduced by Peres [8] and proved by Werner and Wolf [7] to satisfy a classical CHSH-form inequality.
Under an Alice/Bob joint quantum measurement (1), performed on a system S
represents the expectation value of the product λ 1 λ 2 of the observed outcomes. Here, the selfadjoint bounded linear operators W on H 2 represent the marginal experiments on the sides of Alice and Bob, respectively, and are given by:
For two Alice/Bob joint quantum measurements (1), performed on a system S
in a state ρ and specified by different parameters a and b, we have:
To evaluate the expressions (5), (6) , using the functional calculus for self-adjoint bounded linear operators, we introduce in the following section a new notion -a source-operator for a state ρ on H 1 ⊗ H 2 .
3 Source-operators for a quantum state Denote by
the extended separable complex Hilbert spaces and use the notation
for the partial trace over the elements of the Hilbert space H j which stand in the k-th place of the tensor products, and the notation
for the partial trace over the elements of H 1 and H 2 which stand, respectively, in the l-th and k-th places of the tensor products. The proof of the following statement is presented in appendix A. 
Each of these operators satisfy the relation
We call any of the self-adjoint trace class operators, specified in items (a)-(d) of proposition1, a source-operator for a state ρ on H 1 ⊗ H 2 . Any positive source-operator is a density operator and we refer to it as a density source-operator.
The operator tr 
Hence, from item (a) of proposition 1 it follows that tr (2) H2 [T 1212 ] is also a source-operator for a state ρ. Similarly, the operator tr
, is also a source-operator with the properties (11) . Moreover, the operators, reduced from density source-operators on K 1212 , are also density source-operators. The converse statement is not true.
As is the case 6 for any self-adjoint trace class operator on a separable complex Hilbert space, a source-operator T admits the unique decomposition:
where T (+) and T (−) are positive trace class operators. The trace norm T 1 of T is given by:
From Eq. (14) and (17) it follows that, for a source-operator T ,
and, hence, the trace norm T 1 = 1 iff T is a density source-operator.
Quantum upper bounds
In this section, for any density operator ρ on H 1 ⊗H 2 and any self-adjoint bounded linear operators W on H 2 , with the operator norms
4 See item (c) of proposition 1.
5 See item (d). 6 See, for example, [10] .
we derive the upper bounds of linear combinations of quantum product averages:
arising in Eq. (5), (6) . We further generalize our results for the case of any linear combinations:
where
Let, for a state ρ on H 1 ⊗H 2 , the operators T 122 , T 112 , T 1212 and T 1212 be source-operators on the extended Hilbert spaces K 122 , K 112 and K 1212 , respectively (for notation, cf. Eq. (7)- (13)).
Due to the properties (11), (13), we have the following representation of the expression (20) in terms of a source-operator T 122 on K 122 :
and the representation
in terms of a source-operator T 1212 on K 1212 Similarly, due to the properties (10), (12) , for the expression (21), we have:
2 )], and
Consider, for example, the representation (23).
The operators, standing in the second line of this representation, can be written otherwise as:
where, on the extended Hilbert space K 122 , the self-adjoint bounded linear operators
are mutually commuting. Due to the latter property, from the von Neumann theorem ( [11] , page 221) it follows that there exist: (i) a self-adjoint bounded linear operator V a,b1,b2 on the Hilbert space K 122 ; (ii) bounded real-valued Borel functions ϕ α (ξ), ϕ bi (ξ), ∀ξ ∈ R, i = 1, 2, with
such that 
where P W is a projection-valued measure, satisfying the normalization relation
and corresponding to W due to the spectral theorem:
For any bounded Borel functions ϕ 1 and ϕ 2 , the operators ϕ 1 (W ) and ϕ 2 (W ) are bounded and commute:
From Eq. (27), (30), (31) and (34) it follows that, for a state ρ, the representations
are true for any source-operator T 122 on K 122 in the right-hand sides. Here,
is a bounded real-valued measure, induced by the projection-valued measure P V a,b 1 ,b 2 and a sourceoperator T 122 on K 122 . In general, the measure ν
does not represent a probability distribution. However, due
admits the decomposition
via the unnormalized positive measures
with ν (a,b1,b2) 
where: µ does not depend on W and is a probability distribution on a hidden-variable space 9 (Ω, F Ω ); the real-valued functions 
holds with any source-operator T 2 in the right-hand side. Using the inequality
valid for any real numbers |x| ≤ 1, |y| ≤ 1, and the bounds (29), we further derive:
Due to Eq. (17), (39),
Due to Eq. (30), (36),
where τ
T122 := tr
(1)
are the unnormalized density operators on H 2 ⊗ H 2 , satisfying the relation
8 Formulated in [9] and analyzed, in a general setting, in [5] . 9 Here, F Ω is a σ-algebra of subsets of a set Ω. 
is valid with any source-operator T 122 in the right-hand side. Due to the equivalence of parameters b 1 and b 2 in the first line of Eq. (49), we also have:
Notice that if, for a source-operator T 122 , the corresponding density operator σ
T122 on H 2 ⊗ H 2 is symmetrical, that is, satisfies the relation:
where S 2 is the symmetrization operator
and, for this source-operator T 122 , the upper bounds (49) and (50) coincide. Suppose now that a state ρ S is separable and let
be a separable decomposition of ρ S . For ρ S , the operator
on K 122 is a density source-operator and, substituting T
122 into the right-hand side of Eq. (49), we come to the inequality (69), introduced for a separable state in [4] .
Using the mathematical techniques, described above, and estimating a linear combination (22) similarly to our derivation (in case of a separable state) of the inequality (33) in [4] , we have:
where γ 0 := max i=1,2 |γ i |. Due to the representation (25), we also derive the upper bound of Eq. (21) in terms of a source-operator T 112 on K 112 : 
where σ
T1212 := 1
From the representation (26) we have:
2 )] (60)
where σ 
As we discussed this in section 3, for any source-operators T 1212 and T 1212 on the Hilbert space K 1212 , the reduced operators 
Special case
Consider now the case where H 1 = H 2 = H and, hence,
In order to distinguish on H ⊗ H ⊗ H source-operators T 112 , with the properties (10), from source-operator T 122 , with the properties (11), we further label them as
respectively. Moreover, if a source-operator on H ⊗ H ⊗ H satisfies both conditions (11) and (10), then we denote it by T ◭◮ .
Suppose that, for any parameter b,
Then all upper bounds, derived in section 4, are simplified. For example, the upper bounds (49) and (58) take the form:
where σ T◮ and σ T◭ are the density operators on H ⊗ H, corresponding to the source-operators T ◭ and T ◮ by Eq. (57) and (48).
Quantum CHSH-form inequalities
In this section, based on our consideration in section 2 and the upper bounds, derived in section 4, we introduce the inequalities for linear combinations of quantum product expectation values under Alice/Bob joint measurements (1) on a bipartite system S q in a state ρ on H 1 ⊗H 2 , the expectation values satisfy the quantum CHSH-form inequality
with any source-operator T for a state ρ in the right hand side;
For any real numbers γ 1 , γ 2 , γ 3 , γ 4 , with |γ 1 | + |γ 2 | + |γ 3 | + |γ 4 | = 0 and γ 0 := max i=1,...,4 |γ i |, we have:
where T is either a source-operator T 122 on K 122 or a source-operator T 1212 on K 1212 ; (ii) 
Quantum Bell-form inequalities
To introduce quantum analogs of the original Bell inequality for an arbitrary quantum state, let us consider the case where quantum subsystems S
(1) q and S (2) q , possibly different, are represented by the same Hilbert space:
Assume that, under Alice/Bob joint measurements (1) on a bipartite quantum system S
q + S (2) q on H ⊗ H, the marginal measurements on the sides of Alice and Bob satisfy the relation
Consider, first, the case where subsystems S Under two Alice/Bob joint measurements (1), satisfying the condition (73) and performed on S 
with any source-operator 13 T ◮ in the right-hand side. Here, the term
represents the product expectation value under the third Alice/Bob joint measurement, performed on S
q +S (2) q in the state σ T◮ on H ⊗ H. Similarly, from the upper bound (56) and the condition (73), for a state ρ, the inequality
holds with any source-operator T ◭ on H ⊗ H ⊗ H.
If, in the inequality (74) (or (76)), a source-operator T ◮ (or T ◭ ) is such that the right-hand side is not trivial (that is, ≤ 2) then we call this quantum inequality a quantum analog of the original Bell inequality.
In case of identical quantum subsystems, that is:
for both Boson and Fermi statistics, an initial state ρ of S q + S q must be symmetrical 14 . Moreover, in the inequality (74), the term tr[σ T◮ (W (b1) ⊗ W (b2) )], in the third line, can be interpreted as the product mean value λ 1 λ 2 (b1,b2) σT ◮ under the Alice /Bob joint measurement on S q + S q iff T ◮ is such that the corresponding density operator σ T◮ on H ⊗ H is also symmetrical. The similar statement is true for Eq. (76).
Recall also that, for any symmetrical state τ on H ⊗ H,
Let now ρ S be a separable symmetrical state on H ⊗ H, admitting a separable representation
Taking for a state ρ S the density source-operator
for which
and substituting T into Eq. (74), we arrive at the quantum analog (48).in [4] introduced for a separable state.
All the above inequalities can be verified experimentally by calculating the mean values of the product of the observed outcomes under the corresponding three Alice/Bob joint quantum measurements on S (1) q +S (2) q . In examples, considered below, we take, for simplicity,
for any parameter b.
Example 1 Consider the quantum analog of the original Bell inequality for the two-qubit
Werner nonseparable state [9] :
Here,
are the orthogonal projections onto, respectively, the symmetrical and antisymmetrical subspaces of C 2 ⊗ C 2 , with tr[P
2 ] = 2 ± 1.For any orthonormal basis {e n , n = 1, 2} in C 2 , the projections P (±) 2 admit the representations:
|e m ⊗ e n ± e n ⊗ e m e m ⊗ e n ± e n ⊗ e m |
|e m e n | ⊗ |e n e m |), 14 That is, ρ must satisfy the relation (51). |e m e n | ⊗ |e n e m | = P (+) 2
represents the flip operator [9] 
|e n ⊗ e m − e m ⊗ e n e n ⊗ e m − e m ⊗ e n | (86)
For the state ρ
2 , the operator
|e m e n | ⊗ I C 2 ⊗ |e n e m | represents a source-operator on 
where {e n , n = 1, ..., d} is an orthonormal basis in C d . The density operator
represents a density source-operator which satisfies both conditions (10) and (11) and that is why
Hence, for the state ρ d , the quantum analog (74), with the density source-operator T ◭◮ in the right-hand side, has the form: 
are the orthogonal projections, respectively, onto the symmetrical and antisymmetyrical subspaces of 
then ρ satisfies the original CHSH inequality.
From condition 1 it follows that any density operator T on the Hilbert space H 1 ⊗ H 2 ⊗ H 2 , which is symmetrical (up to the trace-zero term) with respect to the permutation of elements, standing on the second and the third places in the tensor products, induces on H 1 ⊗ H 2 the quantum state ρ = tr (,2)
satisfying the CHSH inequality. Similarly, any density operator T ′ on H 1 ⊗ H 1 ⊗ H 2 symmetrical (up to the trace-zero term) with respect to the permutation of elements, standing on the first and the second places in the tensor products, induces on H 1 ⊗ H 2 the quantum state ρ = tr (,1) 
on H 1 ⊗ H 1 ⊗ H 2 is also a density source-operator. From our presentation in section 5 it follows that both, the Werner nonseparable state on C 2 ⊗ C 2 in example 1 and the nonseparable state on C d ⊗ C d in example 2, belong, respectively, to D C 2 ⊗C 2 and
Consider now other examples of nonseparable states belonging to D H1⊗H2 . Below: we use notation specified in section 4.1; H is a separable complex Hilbert space, possibly infinite dimensional; ψ 1 , ψ 2 are any mutually orthogonal unit vectors in H. 
Example 3 Consider on H ⊗ H the quantum state
Consider now the restrictions on a state and marginal measurements sufficient for the validity of the original Bell inequality under quantum Alice/Bob joint measurements.
From the inequality (74) we have.
